The ν = 5/2 fractional quantum Hall effect is a system of intense experimental and theoretical interest as its ground state may host non-abelian excitations, but the exact nature of the ground state is still undetermined. We present the results of an exact diagonalization study of an electron system in the disk configuration including the effects of Landau level (LL) mixing and the finite thickness of the quantum well confining the electrons. The degeneracy between the two leading candidates for the ground state, the Pfaffian and anti-Pfaffian, is broken by interactions with a neutralizing background, in addition to the inclusion of two-and three-body interactions via LL mixing. As a result of the neutralizing background in the disc configuration, there is a phase transition from the anti-Pfaffian to the Pfaffian as LL mixing is turned on, in stark contrast to what is observed in a spherical geometry. The LL mixing leads to an increased charge e/4 quasihole size. LL mixing interactions are also shown to overcome the effects of edge reconstruction. Due to finite thickness effects, these properties are enhanced dramatically. We also find that only the Pfaffian and anti-Pfaffian states continue to possess energy gaps at finite width, while gaps for compressible stripe states close.
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The ν = 5/2 fractional quantum Hall effect (FQHE) 1, 2 is the only observed FQHE with an even denominator. Thus, it falls outside of the Laughlin 3 and standard composite fermion 4 pictures which describe the odd denominator states. This has resulted in exploring composite fermion pairing effects 5 . The leading candidate for the ground state is then the Moore-Read Pfaffian state [6] [7] [8] . As this state is not particle-hole symmetric, its particlehole conjugate, the anti-Pfaffian 9,10 , must also be considered as a candidate ground state of the system. These states are of experimental and theoretical interest as their excitations obey non-abelian anyon statistics 6, [11] [12] [13] . The specific properties of the FQHE system, such as the structure of the edge states, are determined by which of the two states is realized. However, in the absence of particlehole symmetry breaking, the Pfaffian and anti-Pfaffian are degenerate. Since it is well known 7, 8 that the MooreRead state is the exact zero-energy solution to a certain repulsive three-body Hamiltonian, and the anti-Pfaffian is the solution to its particle-hole conjugate, there has been a great interest in calculating diagrammatic expansion terms of the Coulomb interaction which include three-body interactions with virtual excitations to other Landau levels (LL) [15] [16] [17] [18] [19] and many numerical calculations attempting to determine the ground state [20] [21] [22] [23] [24] . The effects of the finitequantum well thickness is believed to have stabilizing effects on the ν = 5/2 FQHE and is also a subject of intense investigations 17, [24] [25] [26] [27] .
In order to improve the understanding of these experimental systems, we perform an exact diagonalization study of an electron gas (EG) in a perpendicular magnetic field a distance d above a disk of neutralizing charge 28, 29 . The 2D gas is hosted by an infinite square well potential of width w. Our choice of the disk configuration allows us to utilize the diagrammatic expansion of the Coulomb interaction for LL mixing 17 in a system mimicking realistic experiment. From our simulations, we extract three primary findings. First, there is a phase transition from the anti-Pfaffian to the Pfaffian as LL mixing is turned on as a result of the neutralizing background, in stark contrast with what is observed in the spherical geometry 24 . Second, motivated by analytic work 30 , we find that there is an increase in the size of the charge e/4 quasiholes as LL mixing is turned on. Third, we observe that the LL mixing improves the signature of the edge states as well as overcoming the edge reconstruction shown in Ref. 31 in the absence of LL mixing. The finite thickness also acts to improve the features of the incompressible states when compared to a purely 2D case. In particular, only the MR and anti-Pfaffian states continue to possess energy gaps at finite width, while gaps for the compressible stripe states close.
The Hamiltonian which describes our system is given byĤ
The operators a ( †) i are the creation (annihilation) operators for a single particle state with angular momentum i. The terms U i (d) 28, 29 are the interactions between electrons and the neutralizing background, and V onto a three-body state of relative angular momentum M 33. All of the potential terms depend upon the well width w. We measure the energy in units of e 2 / B and lengths in units of B = hc/eB.
We diagonalize Eq. (1) by breaking up the Hilbert space into subspaces as the rotational invariance causes the subspaces of fixed total angular momentum to decouple, so they are diagonalized individually 29 . From this, we extract the lowest energy state of each subspace and consider the state with the lowest global energy to be the ground state at that d and κ. We use the total angular momentum of the Pfaffian, N (2N − 3)/2, N is the number of electrons, and of the anti-Pfaffian to be
, S is the number of available states, to identify regions where these states may be realized.
The results of this procedure are shown in Fig.1 . The noticeable effect of the LL mixing is that all of the observed states arise at larger d than in the absence of mixing. Thus, the LL mixing strength and the confinement by the neutralizing disk, due to the generally attractive nature of the LL mixing terms, balances with the Coulomb repulsion. As d increases, the confinement of the EG by the neutralizing background weakens and the Coulomb interaction pushes the EG towards the edge, while the LL mixing interaction can pull the electrons back to the center as it is increased. Thus, from the model simulation, larger d correspond to larger κ.
Due to the small size of our system, with a neutralizing disk of radius ∼ 6 B , we do not exceed d = 1.5 B to maintain a charge distribution similar to experiment, as in previous simulations on the disk 29 . Realistic experimental separations are significantly larger, being closer to ∼ 10 B . As larger d leads to weaker confinement by the neutralizing background, κ must be increased to compensate and realize the same state as was observed at lower d. Thus, from the obtained relation between d and κ, we expect the larger value of κ in the appropriate interval of values, in larger systems. Therefore, both d and κ are vital for the realization of the non-abelian states in experimentally relevant ranges of disk separations and LL mixing strength.
The anti-Pfaffian M = 101 region favors a smoother edge (large d) and strong magnetic fields (small κ), while the Pfaffian M = 85 region favors small d and large κ. This is the opposite of observations in Ref. 24 where the Pfaffian appears at κ < κ c (w) and transitions to the anti-Pfaffian when κ > κ c (w) . This is a result of the interaction with the neutralizing background as the overlap with the anti-Pfaffian increases with increasing κ and the overlap with the Pfaffian falls with increasing κ. We suggest that transitions observed in experiment 34 follow the form in Fig. 1 .
Another noticeable feature is the M = 45 collapsed state. This region represents the collapse of the electrons to the center of the disk where they are supported only by degeneracy pressure. This is a result of LL mixing and the neutralizing disk potential overcoming Coulomb repulsion entirely. Comparing our 10-particle calculations to calculations with 8 particles, we see that this state is pushed to higher κ by the introduction of new compressible stripe states as the particle number increases.
These key points distinguish our results for the 2D phase diagram from what is expected from Ref. 29 . When the finite thickness of the well is introduced, the potentially incompressible states appear much stronger than in the 2D case, with the incompressible states occurring at much lower d than in the 2D case. However, several features of both cases do not differ that dramatically, particularly the presence of the M = 101 region and the M = 85 region separated by a series of compressible stripe states, with the M = 85 region having a strong overlap with the Pfaffian throughout.
Analyzing the phase transitions, we take a cut across the phase diagram at fixed d = 1.2 B , performing a higher resolution sweep of the LL mixing strength as shown in Fig. 2a,b. A striking difference between the pure 2D case w = 0 and the finite width confinement, w = 1 B , immediately becomes apparent as we look at the energy gaps. In the system with w = 0 B , all ground states develop an energy gap, as we move away from the phase transition. For w = 1 B , the energy gaps for the stripe phases have closed and only the candidate incompressible states continue to possess an energy gap. In the M = 101 region, we take this and the rapid increase of the overlap integral as κ and d increase as an indication of this region belonging to the same class as the anti-Pfaffian.
With this detailed cut, we also explore the charge e/4 quasihole properties of this phase by modeling the effects of a potential
equivalent to applying a repulsive Gaussian tip to the center of the disk. U is the strength and σ is the width of the potential, which correlates with the size of the quasihole. The results are shown for Fig. 2c-f , alternating between w = 0 B and w = 1 B .
As we increase the strength of the tip potential, for w = 0 B , the M = 85 phase begins to be displaced by the neighboring M = 90 phase associated with the formation of a charge e/4 quasihole 35 . In previous work on the disk, such quasihole states were introduced using a tip potential with a size σ 3, but in order to introduce a quasihole excitation here, we must increase the size of the Gaussian tip to σ 4. For w = 1 B , we are no longer able to introduce a single quasihole excitation, but we may introduce a pair of quasiholes at much stronger strengths. This may be an indication of pairing in the ground state as the two-quasihole state does not change the boundary conditions and leaves the edge structure unchanged.
In order to understand the increase in size of the charge e/4 quasihole, we consider the classical effects of intro- ducing LL mixing. Adiabatically turning on LL mixing by increasing κ, is formally equivalent to decreasing the magnetic field. Then a small amount of negative charge is transported from the center of the disk to the edge by this process and the equilibrium state of the same M has charge located on the edge. As the charge e/4 quasiholes are a similar center of rotation, a similar effect should occur, increasing the size of the region of depleted charge. The introduction of finite thickness effects results in the weakening of the confining potential. The Coulomb repulsion requires stronger LL mixing to realize the M = 85 state and so the charge e/4 quasiholes should be of a larger size. Thus, when σ in Eq. (2) is increased, we expect that a single quasihole excitation in the w = 1 B system will be introduced. The results for σ 4.5 and w = 1 B are shown in Fig. 3 . As U is increased, a new M = 90 state appears and begins to intrude into the region previously occupied by the M = 85 Pfaffian state, just as in the w = 0 B case.
We now focus on the Pfaffian and its edge structure, which consists of charged Bose modes and neutral Fermi modes. This structure is a signature of a paired ground state as the Fermi edge modes arise by pair breaking excitations and thus their appearance would be a strong indication of the ground state being in the same universality class as the Pfaffian 36 . As our choice of a truncated state space suppresses the edge states and counteracts edge reconstruction, we work in a larger state space. Then we expect edge reconstruction as the system is above the d = 0. In the spectrum, we identify two clear branches of edge modes: an upper and a lower branch. The lower branch represents the purely Fermi edge modes, which are sufficiently separated from the bulk, though there is still some mixing at ∆M = 2. The upper branch is well mixed with the bulk and consists of the Bose edge modes and the mixed edge modes.
For the finite confinement w = 1 B system, we examine κ = 0.4 in Fig. 4b . At this κ, the state has undergone edge reconstruction and the Fermi edge modes lie universally below the M = 85 state. As we increase LL mixing and look at the κ = 0.5 case, we see that the edge reconstruction is overcome by the effects of LL mixing and M = 85 is recovered as the ground state. Thus our choice of a truncated state space has reduced the κ at which the incompressible states occur. Additionally, we see that the Fermi branch is even stronger separated from the bulk states than in the system with w = 0 B .
With the edge states identified, we calculate the single mode energies. Comparing the results in Fig. 4d ,e for the w = 0 B and w = 1 B , respectively, we see that the Fermi edge mode becomes significantly more linear as finite thickness is introduced. From this spectrum, we calculate the dispersion relation, which gives the velocities and allows us to calculate the quasiparticle coherence length 37 . We find L φ 1.93µm and L φ 2.82µm for w = 0 B and w = 1 B respectively. These values are lower than previous results 29 , though we examine a larger separation d. As larger separations lead to a smoother edge potential, which lowers the coherence length, we expect to find even smaller coherence lengths experimentally.
In conclusion, our simulations of the 5/2 state on a disk of neutralizing charge with an account of of Landau Level mixing and of finite thickness of the quantum well give three primary results. First, we observe a possible phase transition from the anti-Pfaffian to the Pfaffian as the interaction strength κ is increased. This dependence on κ is the opposite of that obtained in systems with spherical geometry 24 , and the difference arises from the inclusion of interactions with the neutralizing disk. At fixed separation d, κ acts to bend the phases so that they occur at larger d than they originally appear, and the incompressible regions expand as w is increased. We also find that only the MR and anti-Pfaffian states continue to possess energy gaps at finite well width, while the gaps for the compressible stripe states close. Second, for the charge e/4 quasiholes, we found that the quasihole size necessarily increases as a result of the decreasing characteristic magnetic field strength for increasing κ. Third, the LL mixing is essential for the realization of the Pfaffian state in the expanded state space, as edge reconstruction destroys the signatures of the Pfaffian state for relatively small d otherwise. The edge structure of the Pfaffian is drastically improved when both κ and w increase.
With the inclusion of finite thickness, our next aim is exploring what happens when subbands of different LLs become degenerate. Such studies have the potential to shed light on experimental results 38 which appear to exhibit the Halperin 331 state 39 . Additionally, improvements to this type of calculation can lead to insight into engineering samples which exhibit a desired ground state.
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